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On crack stability in paper toughness testing
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The elastic energy stored in a double-edged notched tension specimen at the moment of

crack propagation initiation is analysed. The stored energy increases linearly with specimen

length and, in the range of interest, almost linearly with crack length. Experiments show

somewhat surprisingly that copy paper specimen dimensions contribute to the external

fracture work very much according to the linear elastic analysis. The specific essential

fracture work of such a material cannot be determined as proposed by Cotterell and Reddel,

this obviously applying to most paper grades. The fracture work of extremely tough and

ductile sack paper appears to be independent of specimen dimensions as long as the sample

is not longer than its width.
1. Introduction
The specific essential fracture work of ductile mater-
ials [1, 2] can be measured as proposed by Cotterell
and Reddel [3]. For given thickness, the specific essen-
tial work of fracture of a few materials has been shown
to be independent of specimen geometry [4, 5, 6],
which is a requirement for a material property. How-
ever, only some geometries make it possible to separ-
ate the essential and non-essential work of crack
propagation. One of these constructions is the double-
edge notched tension specimen (DENT), where the
area of plastic deformations is semicircular, and thus
the work consumed for plastic deformations outside
the outer plastic zone is proportional to the square of
the length of the ligament [3]. This yields the total
fracture work.
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where ¸ is the length of the ligament to be torn, t is
thickness, w

&
is the specific total fracture work, w

%
is

the specific essential fracture work, b is a geometrical
shape parameter of the outer plastic zone and w

1
is the

specific non-essential fracture work. Equation 1 read-
ily implies that the specific essential work of fracture
w
%
can be produced by extrapolating the value of w

&
to

zero ligament length from a test series with a few
ligament lengths. The method (essential work of frac-
ture, EWF) has been applied to metals, polymers and
ductile paper grades like copy and sack paper and
pulp handsheets [7—13].

Since the total fracture work ¼
&
is approximated as

the external work done by straining the specimen, the
test requires stable cracking: all the external work
done must be consumed by plastic deformations. It
may be questionable to which degree this is possible.
Crack stability analysis by Mai [14] proposes that for
a linearly elastic material, the DENT geometry is
inherently unstable. According to Broberg [2, 15] in
0022—2461 ( 1997 Chapman & Hall
tough, ductile materials the plastic region screens the
energy flow to the essential fracture process zone, and
thus stable crack growth usually precedes cata-
strophic failure. However, no exact stability criterion
can be given for plasticizing materials.

Very pronounced instability can be detected as
a sudden drop in the load—elongation curve. However,
in many cases it is difficult to know if the crack really
has been stable. Let us consider what happens in the
fracture toughness test if instability occurs and the
external work done is greater than the energy con-
sumed by plastic deformations.

If the ratio or the absolute difference of the external
work to ¼

&
is roughly constant, an overestimation of

w
%

takes place. The extent of this overestimation de-
pends on the degree of instability, which in turn relates
to material ductility. This results in biased compari-
sons in the fracture toughness values of different
materials. It is further possible that the eventual insta-
bility is not independent of specimen dimensions
[cf. 14]. Thus it is possible that the ratio of external
work to fracture work changes with ligament length,
which may result as an overestimation or under-
estimation of w

%
.

Recent observations by the authors suggest that the
estimate of the specific essential fracture work of copy
paper and pulp handsheets is not necessarily indepen-
dent of specimen dimensions. In this paper, we intend
to clarify if crack stability can possibly be achieved by
appropriate specimen design. First, we present a linear
elastic fracture mechanics analysis of the effect of
specimen dimensions on the ratio of elastic strain
energy stored in the specimen at the moment of crack
propagation initiation to the energy consumed by
crack propagation. Then we present experimental ob-
servations on the eventual effect of copy paper and
sack paper specimen dimensions on the specific ex-
ternal work required to break the specimen.
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2. The effect of specimen dimensions on
the elastic strain energy

As long as no crack propagation has occurred, the
external work ¼ done on a linear elastic structure
equals the strain energy º
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where * is displacement and P is load. Defining com-
pliance C as

C"

*
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Equation 2 may be written
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Then the energy release rate, defined as the change of
potential energy with crack area increment dA, can be
expressed as [cf. 16]
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where t is specimen thickness and da is crack length
increment.

For plane stress, the stress intensity factor K, char-
acterizing the singularity of elastic stresses around
a sharp crack, and the energy release rate G have the
relation
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where E is Young’s modulus of the material. The stress
intensity factor can further be given by

K"bra1@2 (7)

where b is a factor depending on specimen geometry
and r is remote stress far from the crack.

Combining Equations 5, 6 and 7, noting that
P"A

3
p, where A

3
is the remote cross-sectional area of

the specimen, and integrating, the compliance be-
comes
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where C
0

is the compliance at zero crack length. The
external work done up to the moment of crack propa-
gation initiation is
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Equation 9 also gives the total external work done on
the DENT specimen of a linearly elastic material since
the cracking is unstable, and thus the specimen fails
catastrophically [14]. The work consumed by the
crack propagating over a ligament of length ¸ being
Rt¸, where R is the fracture toughness of the material,
the ratio of external work done to the work consumed
by crack propagation is
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For the DENT geometry with total crack length 2a,
width 2w and length 2h (Fig. 1), some solutions have
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Figure 1 Double-edged notched tension specimen geometry
(DENT).

been presented for the dimensionless geometric factor
b. All these solutions are approximate, but the more
complicated ones [19—22] agree reasonably with the
most simple one [14], which is
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being independent of specimen length provided that
the specimen is not very short.

Assuming that the testing machine is much stiffer
than the specimen to be tested, the compliance at zero
crack length is
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Combining Equations 11 and 12, Equation 8 now
becomes
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Substituting Equations 11 and 13 into Equation 9, the
external work done on the DENT structure at the
moment of crack propagation initiation is
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Considering now that the ligament length ¸ equals
2(w!a), the ratio of external work to fracture work



Figure 3 The effect of a smaller range of specimen dimensions on
the ratio of ¼

*
/¼

&
. ( ) 5—6, ( ) 4—5; ( ) 3—4; ( ) 2—3; ( ) 1—2.

Figure 2 The effect of the specimen dimensions on the ratio of
¼

*
/¼
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. (]) h/w"5; (n) h/w"3; (r) h/w"2; (h) h/w"1.
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This ratio of external work to fracture work (Equa-
tion 15) is illustrated in Fig. 2. We find that this ratio is
a linear function of the specimen height-to-width ratio
h/w and a nonlinear, non-monotonic function of the
crack length-to-specimen width ratio a/w.

The entire range of Fig. 2, however, is not relevant
for interpreting the results of the fracture toughness
test. It has been recommended [3] that the specimen
width-to-ligament length ratio should be at least 3,
which corresponds to a/w*2/3. We find from Fig. 3
that in the range of 0.60((a/w)(0.85, the ratio of
external work to fracture work is an almost linear
function of a/w, as well. We further find from Fig. 3
that the smallest value of ¼

*
/¼

&
achievable in this

range of specimen geometry is in the order of 1.5,
which means that the results of the toughness test are
necessarily biased: as long as the material is linearly
elastic, crack stability cannot be achieved by designing
the specimen appropriately, at least not as long as
h/w*1.

Now we can analyse what happens in the EWF-test
with changed specimen dimensions. Let us assume
that other specimen dimensions remain constant when
decreasing the ligament length, i.e. increasing crack
length. a/w increases, but h/w remains unaffected.
Thus the smaller the ligament, the greater the ratio
¼

*
/¼

&
, and the fracture toughness of the material is

thereby overestimated.
Let us then assume that we have constant specimen

length but adjust specimen width in proportion with
ligament length. Now the h/w ratio increases strongly
with decreasing ligament length, and the fracture
toughness is strongly overestimated. The overestima-
tion of fracture toughness is least if we keep both h/w
and a/w constant with changed ligament length and
minimize the values of both parameters. However,
within the range illustrated in Fig. 3, the toughness is
overestimated anyway and the more brittle the mater-
ial, the greater the overestimation.

3. Experimental observations
The EWF test has not been designed for brittle mater-
ials, and thus the above arguments derived by linear
elastic fracture mechanics are not applicable as such.
However, it is tempting to consider to which degree
some tough, ductile papers follow the above-presented
elastic predictions, and to which degree the measured
external fracture work is independent of specimen
dimensions. For this purpose, let us consider two
papers, one woodfree copy paper and another micro-
creped kraft sack paper. Some properties of the papers
tested in the paper machine direction are given in
Table I.

We find from Table I that the copy paper is stronger
and stiffer than the sack paper, which in turn is ex-
tremely ductile and tough. However, even the copy
paper has the ratio of the product of toughness and
stiffness to the square of yield stress (0.1% offset)
50 mm [cf. 17, 18, 12].

All test pieces had the same ligament length, 15 mm,
while h/w varied between 0.44 and 4.0 and a/w varied
between 0.67 and 0.83. The samples were conditioned
at 23 °C and 50% relative humidity and elongated in
a stiff testing machine at 2 mm min~1. Regression
analysis of testing data of copy paper showed that the
fracture work of copy paper seems to be a linear
function of h/w as well as a/w (Fig. 4). After explaining
the fracture work with such a linear function, the
residual variation is small (Fig. 4).

Fig. 5 reconfirms that the specific external work
required to break the specimen clearly depends on
specimen dimensions, even if the specimens are short.
This demonstrates that the fracture process is not even
close to being completely stable, and the specific essen-
tial fracture work cannot be determined as proposed
by Cotterell and Reddel [3, cf. 9, 11, 12, 13].

A similar analysis for the sack paper is reported in
Figs 6 and 7. In this case the residual variation after
fitting the linear regression is not negligible. Though
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TABLE I Some properties of the two experimental papers

Basis Tensile Yield Rupture Tensile Fracture RE/r2c
weight, ¼ stiffness, E stress, rc strain, e strength, ¹ toughness, R (mm)
(g m~2) (N mkg~1) (N mkg~1) (%) (N mg~1) (J mkg~1)

Copy paper 80 8.6 47.6 1.7 73.7 13.1 50

Sack paper 71 4.2 21.1 6.4 60.8 41.7 390
Figure 4 External work needed to break copy paper specimens as
a linear function of specimen dimensions.

Figure 5 The effect of specimen dimensions on the fracture work of
copy paper. (*) a/w"0.83; (n) a/w"0.77; (r) a/w"0.67.

Figure 6 External work needed to break sack paper specimens as
a linear function of specimen dimensions.
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Figure 7 The effect of specimen dimensions on the fracture work of
sack paper. (* ) a/w"0.83; (r) a/w"0.67.

the number of experiments is less than in the case of
the copy paper, we find from Fig. 7 that the specific
external work needed to break the specimen does not
depend on specimen dimensions provided that the
specimen is not longer than its width. In case the
specimen is much longer than its width, the external
work done to break the specimen increases with speci-
men length.

4. Discussion
The results suggest that with the present copy paper,
plastic deformations surrounding the crack tip do not
shield the crack tip enough to promote stable crack
growth. Thus all the energy applied is not consumed
by plastic deformations. Instead, the externally meas-
ured work consumed for breaking a copy paper speci-
men follows well a specimen-size dependency derived
from linear elastic fracture mechanics. This indicates
that the specific essential work of fracture of such
a material cannot be measured as proposed by Cot-
terell and Reddel [3, cf. 9, 11, 12, 13]. Most machine-
made information papers being more brittle than copy
paper, this method of measurement is not applicable
to them either.

On the other hand, pulp handsheets may be more
tough and ductile than copy paper, at least in the case
of well-beaten softwood pulp handsheets. With such
materials, unbiased measurements can possibly be
made. However, great care is needed, since even the
work needed to break extremely tough and ductile
sack paper depends on specimen dimensions if
the specimens are considerably longer than their
width.
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